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Pressure build-up curves from wells located In finite 
reservoirs have been generally interpreted by methods 
proposed by Miller, Dyes, and Hutchinson (1950), and by 
Hovanessian (1961), by considered the presence of only one 
producing well in the reservoir,,
The present study is related to determining the 
reservoir pressure in a finite (bounded) reservoir from 
a set of theoretical build-up curves; this study includes 
the pressure effects caused by the presence of offset—well 
producerso
The objective of this study was accomplished by
(1) the use of a theoretical field with a square-pattern 
distribution representing the finite reservoir;
ill
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(2) the application of a mathematical procedure for 
determining the theoretical dimensionless build-up 
curve in this type of reservoir for the two cases 
considered in this study (presence and lack of 
interference effects);
(3) the determination of the pressure value and permeability 
of the reservoir from the sets of dimensionless 
build-up curves *
The mathematical dimensionless equations used to 
define the dimensionless build-up curves where evaluated 
by a Control Data 160-A Computer„
The following conclusions are based on the results 
obtained in this studys
(1) For short periods of shut-in time as used in practice, 
interference effects are negligible,, Interference 
effects start distorting the shape of the build-up 
curve at an approximate value of dimensionless 
shut-in time of Q„3, which corresponds to high 
values of real time,,
(2) The solution presented in this study renders the same 
results as the method proposed by Miller, Dyes, and
iv
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Hutchinson* This solution compared with the Hovanessian 
method has a deviation of eight percent for the value 
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The reservoir pressure in- a finite (bounded) 
reservoir can be determined from the analysis of the 
build-up curve recorded in the field when a subject well 
is closed-in®
For a finite reservoir, the problem of defining its 
pressure from the build-up characteristics require the 
knowledge of such factors as the geometric shape of the 
reservoir, the external boundary conditions, the well 
pattern, and pressure distribution in the presence of 
more than one producing well,,
Most of the methods of defining the pressure in a 
bounded reservoir assume that each well has a fixed drainage 
area unaffected by the, producing performance of other 
wells in the same reservoir„ This approach avoids the
1
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consideration of the presence of interference effects 
between wells„ The methods proposed by Miller, Dyes, and 
Hutchinson (1950), Horner (1951), and Hovanessian (1961) 
fall in that category0 The only difference among these 
methods is in the geometric shape of the reservoir0 Miller, 
et al, and Horner presented solutions applicable only to a 
radial system (circular reservoir); Hovanessian*s solution 
was applied %o a polygonal system (square reservoir)«
Another approach to determining the reservoir 
pressure in a bounded reservoir was presented by Matthews, 
Brons, and Hasebroek (195^)° In that method it was assumed 
that each well in the reservoir had a geometric drainage 
area defined as a function of the rate of production of 
all the wells under steady-state conditions0
In general, this study was undertaken to determine:
(1) How the presence of interference between wells can
affect the trend of the pressure build-up curves0
(2) How the value of the reservoir pressure determined
under these conditions deviates from the value 
obtained when interference effects are not taken 
into consideration*,
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From the set of theoretical dimensionless build-up 
curves presented in this study, the value of the reservoir 
pressure as well as the permeability of the reservoir can 
be determined for any given value of dimensionless flowing 
time in the range Q®1 to 0®9® The method can be applied 
for defining the value of these two parameters under the 
following conditions:
(1) presence of a regular well pattern distribution in 
the field® In this study it is assumed to be a 
square ®
(2) presence of a bounded reservoir, with no influx 
across the boundaries® In this case, pressure is 
declining with time at the outer boundary®
This study was carried out in the following steps:
(1) definition of the mathematical equations that 
represent the pressure build-up curve in a subject 
well under the two cases of presence and lack of 
interference effects®
(2) transformation of these equations to dimensionless 
form by introducing some dimensionless parameters®
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These dimensionless parameters are pressure, flow and 
shut-in time«
(3) translation of these dimensionless equations to a 
computer language and the evaluation of these equations 
by the use of a Control Data X6Q-A Computera
(4) presentation of sets of dimensionless build-up curves 
from which values of reservoir pressure and permeability 
can be readily obtained©
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THEORY OP PRESSURE DISTRIBUTION AND BUILD-UP
Basically the study of pressure distribution and 
build-up analysis in a reservoir is related to solutions 
of the differential equation that expresses the flow of a 
slightly compressible fluid through a homogeneous porous 
medium in a radial system.
This equation is usually referred to as the diffusivity 
equation, which $an be expressed ass
(is r ) cl t ) (1)ar
This general equation is based on several assumptions %
(1) Presence of a single phase in the reservoir.
• >  •-




(3) Laminar flow conditions (as expressed by Darcy’s Law).
(4) The viscosity and compressibility of the fluid remains 
essentially constant over the range of pressure 
variations encountered in the reservoir.
(5) Only one well is located in the reservoir.
Solutions for equation (1) are available for two sets 
of boundary conditions: 
a- Inner Boundary Conditions
The solution obtained is related to well—bore 
conditions, 
b- Outer Boundary Conditions
The solution obtained Is related to some specific 
conditions at a point away from the wel1-bore (the 
interface in the case of a water-drive reservoir).
Outer boundaries are so far the most Important set 
of conditions in the solution of the pressure distribution 
problems. An analysis has been made of two different 




In practice an infinite reservoir is one which is 
associated with an efficient water drive capable of 
restoring the pressure inside the reservoir to the initial 
value during the build-up period®
For this reservoir a solution is available in which 
the well-bore is treated as a point source (well-bore 
with infinitely small radius). This solution is known as 
the approximate solution and was originally presented by 
Horner (1951) for the case of a single well in an infinite 
reservoir.
This solution can be written using the C*g,s, unit 
system (darcy, sec, cp, cm, atm) as:
p = pi + Ei (- ±«iar> (2>
Finite Reservoirs
This type of reservoir is more commonly encountered 
in practice and is related to (1) a small reservoir in 
which the mechanism of production differs from that of a 
water drive (solution gas, gas cap expansion), (2), a 
reservoir undergoing depletion by the presence of injection
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wells.
In the first ease, the problem is solved for the set 
of outer boundary conditions of no Influx across the 
boundary of the reservoir (pressure is decreasing with 
time at the boundaries).
In the second case the solution is presented for a
set of boundary conditions of constant pressure at the
/
outer radius.
No Influx at the Outer Boundaries (Closed Drainage Area) 
Two solutions are now available for this type of 
reservoir.
The Exact Solution
This mathematical solution, originally presented 
by Muskat, (19^6) can be expressed in dimensionless 
for as: 2
Ap = Inr
w "  t  +
3 2 I (3)
Equation (3) represents a reservoir with a single well In 
the center of the reservoir. In this case the pressure at
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the external boundary declines as the reservoir undergoes 
depletion,
The Approximate Solution
By the introduction of a correction factor to the 
point source solution, Horner defined a solution for the 
analysis of a finite, closed reservoir with one lone 
producing well. The correction factor (y) takes into 
consideration the extra pressure drop caused by the 
removal of additional liquid in a finite reservoir when 
compared to an infinite reservoir. The solution can be 
expressed in the C,g,s, unit system as:
Where:
r ■ Distance from the subject well, 
t = Time at which the additional volume of liquid 







Constant Pressure at the Outer Boundaries
The solution for this problem which in general makes 
use of the soultion presented by Muskat, can be expressed 
in dimensionless form as;
oo 2 T
\— ' ~Xn tap = xn re - 2 2 _ ---- r— 2----  C H
"’1 J1 <*»>
This equation defines the pressure distribution of 
a reservoir with only one producing well®
T 1088
SCOPE OF INVESTIGATION
This study is related to the analysis of the theoretical 
build-up characteristics In a bounded reservoir with zero 
influx across the outer boundary.
The bounded reservoir is represented by a field 
developed in a regular pattern (square), Figure 1, and the 
zero influx conditions by the presence of a net of producing 
wells.
Two values of distances between wells, 1,000 and 
2,000 ft, are considered in the calculation under the 
square pattern of, development assumed.
Two particular cases are analyzed and solutions are 
presented:
1* Characteristics of the build-up curve recorded when 
it is assumed that the production from all the wells
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ceased immediately after the observation- well is 
closed in*
Characteristics of the build-up curve recorded when 
it is assumed that the wells in the field continued 
under production after the observation well is closed.
The comparison of the two curves obtained is the 
source of the information required to define average? 
reservoir pressure and average reservoir permeability.
The equations used In this study, after being 
converted to a dimensionless form, were solved by the use 
of the Control Data 160-A Computer,
The results of this study are presented in the form 
of sets of dimensionless curves, Figures 4 and 5,
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THEORETICAL PROCEDURES
In 195^, C, So Matthews, F, Brons, and P„ Hazebroek, 
solved the problem of the pressure distribution in a bounded
reservoir by the application of the point source solution 
and the method of images. The authors specifically applied 
this solution to reservoirs of various shapes with zero 
flow conditions at the outer boundaries.
This solution implied:
1, Presence of only one producing well in the 
reservoir,
2, Pressure distribution as defined by the application 
of the superposition principle,
A similar approach will be used in the solution of 




The most important factors to be considered in this 
solution are;
1* Each producing well has a drainage area defined 
as a function of the time of production*
2* Each producing well causes pressure effects upon 
the subject well in proportion to its location 
and production history*
3* The average reservoir pressure is defined as a 
function of the superposition pressure effects 
caused by the presence of all wells in the field*
Under producing conditions the pressure recorded in 
the subject well takes into account the effects from 







r . 2 - 1  $ycA^
•v
kh ~  *00105kt T t,X “ *00105kt
* (7> 4
If after flowing for a period of time (t)f the 
subject well is closed in for a time (6), two cases may be
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considered In the analysis of the build-up curve recorded 
at this well;
lo If all the wells are considered to he closed at 
the same time as the subject well, the pressure 
recorded at the subject well can be expressed as;
'w pi
I0.a6._Ba
* kh s El
♦ycrw










2* If only the subject well Is closed in when the 
other wells remain under producing conditions, Equation 8 
is transformed to;
D + 7iu.fe.ia,,pw Pi + kh
- El
El frpcr* .o6io5k(T+ey
r <frpcr 1 w -1- / ♦ pcA^ . .oQ01Q5k (0) T  CjJL1^1 ” .00105k(T+e) (9)
To convert Equations 8 and 9 to a dimensionless form, 
the following dimensionless quantities need to be defined:
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Dimensionless pressure
AP » (pl~pw )kh _ (pal)(md)(ft) (10)
D 70T6(iBq (cp)(bbl/STB)(STB/D)
Dimensionless flowing time (prior to shut-in)*
T m oQ0105k(T) m (mdV(hrs)D 2 - 1 2  vj.x ;♦ ucA (cp)(psi x)(ft*)
Dimensionless shut-in time
eD » oQQlQ5k(e) , (md)(hrs) .. __ (12)
4>ncA2 (op)(psi*1)(ft2)
The dimensionless time quantities as defined in this 
study corresponds to four times the value of the dimensionless 
quantities defined by Miller, Dyes, and Hutchinson (1950)«
In both equations, A represents the distance between 
wells as shown in Figure 10
The value represents the distance from each
producing well to the subject well* In Equation 8 and 9 
At t can be expressed as a function of A and the 
coordinates (I,J) of each producing well by the equation:
T 1088 17
2 2 A * A I,J CI-l) + (J-l)2 (13)
Substitution of Equations 10, 11, 12 and 13 into 
Equations 8 and 9 yield dimensionless equations of the 
form;
r 2 1






Ei (- (I-D2 + (J-l)2;_ Ei ( (I~1)2 * (J~1)2)(TD + eD ) ieD
3a)
Equation 8a represents the case when all the wells 
are closed in at the same time as the subject well«
AP = - Ei D
n
Ei




_ 2 r ci-i) + (j-D2
T + © D D
(9a)
i=l
Equation 9a represents the case when only the subject 
well is considered closed in„
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In Equations 8a and 9a, (n) represents the number of
wells having measurable pressure effects on the subject 
w e 11 o
Equation 8a and 9a indicate that the pressure recorded 
at the subject well is a function of three different 
parameters;
1» The location of the flowing wells*
2* The flowing time prior to Shut-in the subject well*
3* The shut-in time elapsed after the observation 
well had been closed,,
Both equations are based on the assumption that all 
the wells in the field had been flowing for the same 
period of time* For different flow times each term in 
the series must be evaluated to the corresponding 
dimensionless flow time, T ^ *  TD 2 etc®
RESULT OF STUDY
For the determination of the dimensionless build-up 
characteristics, Equations 8a and 9a were evaluated by
the use of a Control Data I60-A Computer*
A flow chart of the program used in the evaluation of 
each equation is presented in Figures 2A, and 2B; also a 
flow chart for the evaluation of the exponential integral 
is presented in Figure 3*
The Equations 8a and 9a wera evaluated for two 
different^sets of conditions%
1* Evaluation of APp for
A ® 1,000 ft , Tpf from 0*1 to 0*9
8p from 10*^ to 10
2* Evaluation of APp for
A • 2,000 ft , Tp from 0*1 to 0*9
T 1088 20
The results are presented as set of dimensionless 
build-up curves, Figures 4 and 5*
Analysis of the data obtained Indicated that; 
lo The build-up curves determined by the use of
Equations 8a and 9a presented the same trend for 
dimensionless shut-in time values in the range
io“6 to 0,15.
20 Interference effects started to be noticeable at 
dimensionless shut-in time of 0„3«
3o The minimum value of A P ^  in each build-up
curve as determined by Equation 9a is found at a 
value of dimensionless shut-in time equal to 0*3» 
Table 1,
40 A value of AP^g can also be determined at each 
build-up curve defined by Equation 8at fbr a 
dimensionless shut-in time equal to 0.3* If this 
value is compared with the corresponding value
*PD9 M  deflned ln P0int (3)» a °°n3tant ValUe 
for tjhe difference A P ^  - AP^gi 1# observed (see
Figure 6 and Table 2)» 
k5, A value of a£ can be defined if the straight-line
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portion of each build-up curve is extrapolated to
a value of dimensionless shut-in time equal to
0*3* If this value is compared with the APDRp
value defined at stabilised reservoir conditions9
%the difference APDRp - AP^ is shown to be a 
function of the flowing time* These results are 
presented in Figure 7 and Table 3* Also9 these 
results imply the possibility of defining the 
reservoir pressure at short periods of shut-rin 
time (see sample problems)*
» The slope of the dimensionless set. of build-up 
curves is given by s i
m = rn P . ■. ■ (14)A(l o g 6p )
The value for m was measured to be (-2*30)
Also; '
(Pi-Pw )kh
m = “ C70.6MBq)Alog e (l5)
7. From Equations 14 and 15 the reservoir permeability 
can be defined as;
T 1088 22
k ■ 16204 ,mh
A negligible discrepancy is found when this 
equation is compared with that of Miller, Dyes, and 
Hutchinson, where:
k * 162a 5 mh
and eight per cent with the equation presented 
by Hovanessian, wheres
k » 14 8 0GZ (18)mh
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SAMPLE PROBLEMS
The following examples are presented in order to 
demonstrate how the two parameters, reservoir pressure, 
and permeability can be defined from the analysis of the 
set of theoretical build-up curves <, The values of the 
properties selected to be used in the examples were taken 
from Hovanessian*s paper (1961)0 These examples also 
help in comparing the results obtained by the application 
of this method with those reported by Hovanessian0
Case 1
Givens pi = 3,500 psi k * 1*5 md <p = 0a20
c = lo5 x 10r^psi*1 v • Oo33 cp
q * loO STB/Day b q - 1„5 bbl/STB
A = 2,000 ft T - 90 days h ■ 1 ft
23
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-2 —1Find: the build-up pressure atf e * 10 , 10 f and
loO days,
Dimensionless flowing time:
Td = £fopi05fc (T) . Oo85
<J> y c A 
Dimensionless shut-in time:
a _ 0.00105k (0) D --------- J —
4 y c A
D̂l, * x 10
6D2 * x 10




From the dimensionless set of build-up curves (see 
Figure 5)> for a value of T ■ 0o86»
APD1 * 9o9* APD2 * 7°6* APD3 " 5o3
Since:
70o6 y B q (aPd)
AP ■ — ........... .k h
AP1 - 231 




psl = 3*500 “ 231 * 3,269 psi
p - 3,500 - 177 = 3,323 psiS tL
Ps3 - 3,500 - 123 = 3,377 psi
Hovanessian Method:
Td ■ 0o22 = 2,40 x 10“"̂
©d2 * 2,40 x 10“̂
6no * 20 40 x 10Lo
From the dimensionless set of build-up curve presented 
by Hovanessian for a value of TD «■ 0„22:
APpi ■ 0„75 ■ Qo57 APD3 * 40
AP1 = 220 AP2 * 167 AP^ » 177
Psl * “ 200 * 3,280
PS2 88 3»500 ~ 167 “ 3,333
ps3 “ 3»500 - 117 * 3*383
Case 2
Given: w » 0,33 cp, q ■ 1,0 STB/D, h ■ 1 ft
Bq * 1,5 bbl/STB, and the slope of a field 
pressure build-up curve defined as:
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..A?. -m 3»l85 t - 3*137 m 4gA(log e) FIELD 1
defined for e ■ 10~^ and 1 days
k » 1 6 2*4 ® 1.67 mdcmh
Determined by Hovanessian formula; 
k * 148062 » 1*53 md..
Case 3
Given; $ » 0*20 o * 1,5 x 10~5psi~1 A * 2tQ0G ft
v * 0*33 cp q. - 1.0 STB/Day h » 1 ft
B0 » 1*5 bb1/STB m (field) * 48 k = 1*53 md
Find; the field pressure p
At the closed in time e * 2*4 hrs# p • 3#137 psi 
eD 55 9*74 x 10~4 **°z* the value of shut-in time 
equal to 2*4 hrs*
If it is assumed a value of dimensionless
flowing time equal to 0*9# from the theoretical
!
set of build-up curves, Figure 5s
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APD - 7.74 - 2.827 - 4.913
.. _ C70.6)CO.33)(1.5)Cl.0)(4.913) _ L12 2L
(1.53)Cl.0)
P = 3,137 + 112.21 = 3,249.21 psl
Using the Hovanessian methods
P - 3#.2.44 psi
Case 4
Using the information given for Case 3# find the 
reservoir pressure for values of dimensionless flowing
time equals to 0*3 and 0*9 when p^ » 3*500 psi*
From the dimensionless set of build-up curves, 
Figure 5*
TD1 “ Oo3 APDRP1 " °*943
tD2 * 0c9 apDRP2 “ 2»S27
aPdo1 . (70*6)(0*33)(1*0)(1.5)(0.943) * 22 psi 
RP1 ( 1 *5 ) ( 1* 0 )
aPrp2 . (70*6)(0*33)(1*Q)(1*5)(2*827) . 66 psl
( 1*5) ( 1*0)
Pr PI 3*500 — 22 89 3*478 psl
PrP2 ■ 3*500 - 66 ■ 3,434 psi
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Where s
■ Stabilized reservoir-pressure (see Figure 8)KP
When it is assumed that the field pressure readings 
are in error by a value of two percent
From Table 4 §
■ 2o07 for Td » 0<>9






70q6 y B q 
kh (:APDRp)
k « 162 o 4 SILiLJl
^obsh m . » 48obs
PRP 8 Pi “ (APDRp)/l62«4
PrPI - 3,500 - (20«84) (0*924) » 3,481 psi 
PrP2 38 3,500 - (20*84) (2*77) - 3,442 psi
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% Error » S j M A  = Qei37%7$
% Error =  ,r » 0*2P P
Prom these results, it can be observed that the error 
introduced in the determination of the reservoir pressure, 
due to errors in the field pressure readings, increases 
as a function of the flowing time period® The value of 




Determination of the lowest value of AP in theUy
build-up curve determined by the use of Equation 9a, for 



















Determination of the values of APp^ APpg as a 
function of the dimensionless flowing time for a &p value 







Tr> 0D D APD9 APD8









$Determination of the APpRp - APp as a function of 
the dimensionless flowing time for 6p value equal to 0*3 
and distances of 1,000. and 2,000 ft®
4Pdt d «D iPDRP iPD a Pdr p  "
0 © 3 0 e 3 0.9^3 0*05 0.893
0 e 5 1.577 0®70 0.871
0*7 2.199 1.35 0.849
0o9 2.827 2*00 0.827
APpRp ; as determined by Equation 8a for stabilized
conditions
*APp ; extrapolated value at 6p equal to 0*3 using 
the straight line portion of the build-up 
curve defined by Equation 9a®
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Table b
„ #Determination of the value APgc - APd as a function 
of the dimensionless flowing time for 0D value equal to
and distances of lf000 and 2,000 ft*
TD flD
*APDC apd AP* - AP* DC D
0*3 0.3 0*10 0*05 0*05
0*5 0.76 0*70 0*06
0*7 1 * 41 1*35 0*06
0.9 2.07 2*00 0*07
ftAPpc t extrapolated value obtained when a two 
per cent error is considered in the 




%Determination of the — APpC as a function of
the dimensionless flowing time for eD value equal to 0*3 
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EIX D + SUM
EIX = .57721566 
+ LOGF(X)
EIX
2 . 3 3 4 7 3 3 X+ X ) / (1. 
81534+3.3306X+X^)
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The following conclusions are based on the results 
obtained from this study®
1.® The average reservoir pressure, as determined by 
the application of the method proposed by Miller 
et al, and Hovanessian without taking into 
consideration presence of interference effects, 
is a valid approach® The build-up curves obtained 
from Equation 8a and 9a yields the same straight 
line portion for values of dimensionless shut-in 
time in the range 10“' to 2 x 10 ® This in 
practice is the range of shut-in time for which 
build-up curves are recorded®
2® The solution presented in this study is closer to 
the solution presented by Miller, Dyes, and
44
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Hutchinson for a radial pattern than the solution 
presented by Hovanessian for a square pattern 
(refer to Equation 17, 18, and 19)®
3® The point at which interference effects become 
noticeable is found at a value of dimensionless 
shut-in time of 0*3® This point corresponds to 
the reading of minimum APp in the build-up curve 
defined by Equation 9a® This, point appears to be 
independent of the value of the dimensionless 
flowing time period (see Table 1)®
4 * The value of - apd 8 at Poirvt shut-in
time equal to 0®3 Is determined to be a constant
(see Table 2)®
*5® The extrapolated aP^ defined at the dimensionless 
shut-in time value of 0*3 is indicated to be a 
function of the dimensionless flowing time®
6® It is possible to define the actual reservoir
pressure by the use of Figure 7 and the set of
%dimensionless build-up curves if a value of APD 
can be defined from the field build-up curve®
The determination of the actual reservoir pressure 
by the use of a set of dimensionless build-up 
curves simplified the calculations, and also the 
need for larger periods of shut-in time®
NOMENCLATURE
Distance from the (i#J) image well to 
the observation well
Oil formation volume factor
Compressibility of the rock and fluids
Exponential integral function
Bessel function of first kind 
Thickness of the productive formation 
Permeability of the formation
Dimensionless slope of the build«up
curve
Number of wells in the field 









- Q.001127(2*)kh(pw - pf)A p  s ..............mi;,...,
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Dimensionless radius (r@/rw )
Shut-in time




r a 0oQ002637kt 
2$ycr@
Flowing time prior to shut-in the well













Porosity of the formation fraction
Oil viscosity cp
U Function U (a r) * ;ta^r^)J (a^r)I* x n © >* n
Bessel function of second kindo
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